Abstract. In this article, we give new results in the startpoint theory for quasi-pseudometric spaces. The results we present provide us with the existence of startpoint (endpoint, fixed point) for multi-valued maps defined on a bicomplete quasi-pseudometric space. We characterise the existence of startpoint and endpoint by the so-called mix-point property. The present results extend known ones in the area.
Introduction and preliminaries
The theory of startpoint, first introduced in [1] , came to extend the idea of fixed points for multi-valued mappings defined on quasi-pseudometric spaces. A series of three papers, see [1, 2, 3] has given a more or less detailed introduction to the subject. The aim of the present article is to continue this study by introducing the idea of mix-point property, which is used to characterise the existence of startpoints. • Let d be a quasi-pseudometric on X, then the function d −1 defined by d −1 (x, y) = d(y, x) whenever x, y ∈ X is also a quasi-pseudometric on X, called the conjugate of d. In the literature, d −1 is also denoted d t ord.
• It is easy to verify that the function d s defined by
s (x, y) = max{d(x, y), d(y, x)} defines a metric on X whenever d is a T 0 -quasi-metric on X.
Let (X, d) be a quasi-pseudometric space. We set P 0 (X) := 2 X \ {∅} where 2 X denotes the power set of X. For x ∈ X and A ∈ P 0 (X), we define:
We also define the map H :
Then H is an extended 1 quasi-pseudometric on P 0 (X).
Some first results
We briefly recall the idea of a startpoint, as initially intended in [1] .
Let F : X → 2 X be a set-valued map. An element x ∈ X is said to be
It is therefore obvious that if x is both a startpoint of F and an endpoint of F , then x is a fixed point of F . In fact, F x is a singleton. Observe that a fixed point need not to be a startpoint nor an endpoint. Indeed, consider the T 0 -quasi-metric space (X, d) where X = {0, 1} and d defined by d(0, 1) = 0, d(1, 0) = 1 and d(x, x) = 0 for x = 0, 1. We define on X the set-valued map F :
) be a T 0 -quasi-metric space and F : X → 2 X be a set-valued map. An element x ∈ X is a startpoint of F if and only if it is an ε-startpoint of F for every ε ∈ (0, 1).
) be a T 0 -quasi-metric space and F : X → 2 X be a set-valued map. An element x ∈ X is an endpoint of F if and only if it is an ε-endpoint of F for every ε ∈ (0, 1).
We say that a set-valued map F : X → 2 X has the approximate startpoint property (resp. approximate endpoint property ), if inf
We say that a set-valued map F : X → 2 X has the approximate mix-point property if
Here, it is also very clear that F has the approximate mix-point property if and only if F has both the approximate startpoint and the approximate endpoint properties. We illustrate our definitions by giving the following example.
X be the set mapping defined by F a = X \ {a} for any a ∈ X. Then F admits 0 as unique startpoint, no endpoint and no fixed point. Moreover, F has the approximate startpoint property but does not have the approximate endpoint property.
We recall below the main theorem in the startpoint theory that appeared in [1] .
) be a bicomplete quasi-pseudometric space. Let F : X → CB(X) be a set-valued map that satisfies
where
Then there exists a unique x 0 ∈ X which is both a startpoint and an endpoint of F if and only if F has the approximate mix-point property.
We introduce the following definitions:
Definition 2.9. Let (X, d) be a quasi-pseudometric space, J : X → X be a single valued mapping and F : X → 2 X be a multi-valued mapping. We say that the mappings J and F have the approximate startpoint property (resp. approximate endpoint property ), if inf
Definition 2.10. Let (X, d) be a T 0 -quasi-pseudometric space, J : X → X be a single valued mapping. We say that J and the set-valued map F : X → 2 X have the approximate mixpoint property if inf
The next three results are the first results of this paper. We shall not give any proof, since the proofs follow the same arguments as the proofs in [1] .
) be a bicomplete quasi-pseudometric space. Assume J : X → X is a continuous single-valued map and let F : X → CB(X) be a set-valued map that satisfiy
2)
, ψ(t) < t for each t > 0 and lim inf t→∞ (t − ψ(t)) > 0. Then there exists a unique x 0 ∈ X which is both a startpoint and an endpoint of J and F if and only if J and F have the approximate mix-point property. Remark 2.15. Observe that if we put J = I X (identity map on X) in Theorems 2.12, 2.13 and 2.14 respectively, we obtain [1, Theorem 29, Theorem 31, Corollary 30] respectively.
More results
In [1] , the proof of Theorem 2.8 basically establishes that the sets
form a non-increasing sequence of bounded and τ (d s )-closed sets. The conclusion follows from the Cantor intersection theorem. We shall use a similar approach in proving the next two results, with the difference that we present simpler and shorter arguments. We now present the first non trivial generalisation of [1, Theorem 29].
Theorem 3.1. Let (X, d) be a bicomplete quasi-pseudometric space. Assume J : X → X is a continuous single-valued map such that rd(x, y) ≤ d(Jx, Jy) for some constant r > 0. Let F : X → CB(X) be a set-valued map that satisfies H(F x, F y) ≤ αd(Jx, Jy), for each x, y ∈ X, (3.1)
where α ∈ (0, 1) and rα < 1. Then there exists a unique x 0 ∈ X which is both a startpoint and an endpoint of J and F if and only if J and F have the approximate mix-point property.
Proof. It is clear that if J and F admit a point which is both a startpoint and an endpoint, then J and F have the approximate startpoint property and the approximate endpoint property, i.e the approximate mix-point property. Conversely, suppose J and F have the approximate mix-point property. Then
Next we prove that for each n ∈ N, C n is bounded. Indeed, for any x, y ∈ C n , d(Jx, Jy) = H({Jx}, {Jy}) ≤ H({Jx}, F x) + H(F x, F y) + H(F y, {Jy}) ≤ 2 n + αd(Jx, Jy).
, and since rd(x, y) ≤ d(Jx, Jy), we have
.
Therefore lim n→∞ δ(C n ) = 0. It follows from the Cantor intersection theorem that
For uniqueness, if z 0 is an arbitrary startpoint and endpoint of J and F , then
and so z 0 ∈ n∈N C n = {x 0 }.
We give the following example to illustrate our result. , we have that rα = 1 6 < 1 and rd(x, y) ≤ d(Jx, Jy). Moreover, the condition (3.1) is satisfied. Since H({J0}, F 0) = 0 = H(F 0, {J0}), then 0 is both a startpoint and an endpoint of J and F . i.e. J and F have the approximate mix-point property.
Corollary 3.3. Let (X, d) be a bicomplete quasi-pseudometric space. Assume J : X → X is a continuous single-valued map such that rd(x, y) ≤ d(Jx, Jy) for some constant r > 0 and for each x, y ∈ X. Let F : X → CB(X) be a set-valued map that satisfies
where α ∈ (0, 1) and rα < 1. If J and F have the approximate mix-point property then F has a J-fixed point.
Proof. From Theorem 3.1, we conclude that there exists x 0 ∈ X which is both a startpoint and an endpoint for J and F , i.e H({Jx 0 }, F x 0 ) = 0 = H(F x 0 , {Jx 0 }). The T 0 -condition therefore guarantees the desired result.
Theorem 3.4. Let (X, d) be a bicomplete quasi-pseudometric space. Assume J : X → X is a continuous single-valued map such that rd(x, y) ≤ d(Jx, Jy) for some constant r > 0 and for each x, y ∈ X. Let F : X → CB(X) be a set-valued map that satisfies
where α ∈ (0, 1/2). Then there exists a unique x 0 ∈ X which is both a startpoint and an endpoint of J and F if and only if J and F have the approximate mix-point property.
Proof. Once again, only one implication will be of interest to us, since the other one is trivial. So suppose J and F have the approximate mix-point property. Then we already know that the sets
for each n ∈ N are τ (d s )-closed and that C n+1 ⊆ C n . Next we prove that for each n ∈ N, C n is bounded. Indeed, for any x, y ∈ C n ,
and since rd(x, y) ≤ d(Jx, Jy), we have
and so z 0 ∈ n∈N C n = {x 0 }. , we have that 0 < α < i.e. J and F have the approximate mix-point property.
Corollary 3.6. Let (X, d) be a bicomplete quasi-pseudometric space. Assume J : X → X is a continuous single-valued map such that rd(x, y) ≤ d(Jx, Jy) for some constant r > 0 and for each x, y ∈ X. Let F : X → CB(X) be a set-valued map that satisfies H(F x, F y) ≤ α[d(Jx, F x) + d(Jy, F y)], for each x, y ∈ X, (3.4) where α ∈ (0, 1/2). If J and F have the approximate mix-point property then F has a J-fixed point.
